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Based on self-consistent computational modeling of quantum dot-quantum well (QDQW)
heteronanocrystals, we propose and demonstrate that conduction-electron and valence-hole orbitals
can be reordered by controlling shell thicknesses, unlike widely known core/shell quantum dots
(QDs). Multi-shell nanocrystals of CdSe/ZnS/CdSe, which exhibit an electronic structure of 1s-1p-
2s-2p-1d-1f for electrons and 1s-1p-2s-2p-1d-2d for holes using thin ZnS and CdSe shells (each with
two monolayers), lead to 1s-2s-1p-1d-1f-2p electron-orbitals and 1s-2s-1p-1d-2p-1f hole orbitals
upon increasing the shell thicknesses while keeping the same core. This is characteristically different
from the only CdSe core and CdSe/ZnS core/shell QDs, both exhibiting only 1s-1p-1d-2s-1f-2p
ordering for electrons and holes.VC 2012 American Institute of Physics. [doi:10.1063/1.3678585]
I. INTRODUCTION
Quantum confinement (QC) leads to formation of an or-
dered set of orbitals at discrete energy levels on the conduc-
tion and valance bands in semiconductor quantum dots
(QDs), which enables strongly size-dependent control of opti-
cal properties. Especially when the physical size of a QD is
comparable to or smaller than the exciton in its bulk semicon-
ductor material, QC modifies strongly the electronic structure.
There exist two commonly known effects of quantum con-
finement in QDs. The first one is the bandgap modification
that results in emission peak shift. For example, QDs made of
CdSe span emission color from red to blue by only reducing
their size.1 The second one is the extinction coefficient. The
extinction coefficient of QDs per mole rises approximately in
a square to cubic function as their size increases.2
Quantum dot-quantum wells (QDQW) containing multi-
ple shells have been investigated to seek superior structural
properties allowing for strain reduced band engineering. Thus,
various material and structure combinations have been stud-
ied. The synthesis of CdS/HgS/CdS QDQWs was achieved in
1993,3 after which CdS/CdSe/CdS and ZnS/CdS/ZnS were
successfully synthesized, and some of those QDQW systems
were then also theoretically investigated.4–7 Recently, CdSe/
ZnS/CdSe QDQWs have been demonstrated, which advanta-
geously exhibit dual-color emission in ensemble. Both experi-
mentally and theoretically it has been shown that CdSe core
and outer shell are coupled via tunneling through ZnS inner
shell barrier.8,9 For application, Sapra et al. have investigated
white light generation using these QDQW emitters of cyan
and red in toluene solution.10 However, the resulting color
rendering was low and QDQWs were not integrated into a
solid-state device. Nizamoglu et al. have then hybridized such
dual-color emitting CdSe/ZnS/CdSe QDQWs on InGaN/GaN
light emitting diodes for high-quality white light generation.11
Furthermore, carrier and spin dynamics in these structures
have been investigated and selective initialization and read-
out of spin using CdSe/ZnS/CdSe QDQWs have been demon-
strated.12 Furthermore, the single dot spectroscopy of these
QDQWs has been explored for blinking analysis.13
Today it is well known that the quantum mechanical
effects become dominant with diminishing dimensions. These
effects cater different advantages in operation of the electronic
devices. Presently most of the electronic structure and optical
properties of quantum dots are theoretically well understood.
On the other hand, despite few studies that have been reported
in the literature,7,9,14 the electronic structure and optical prop-
erties of QDQWs have not yet been fully understood. Control-
lable electronic shell structure of multi-layered QDs is
important for device applications including tunable color
luminophors and multi-color luminophors. The orbital order-
ing of such QDQWs has not been investigated till date.
In this study, we investigate the shell structure and or-
bital ordering of multi-layered semiconductor quantum dot-
quantum wells made of CdSe/ZnS/CdSe. For that, we use a
self-consistent computation of the electronic structure of a
single exciton in spherical geometry via matrix diagonaliza-
tion method. Our results show that electron and hole orbitals
of a QDQW can be reordered by varying ZnS and CdSe shell
layer thicknesses, in an unusual way different than widely
known CdSe/ZnS core/shell QDs. Surprisingly, the orbital
reorderings are different for the conduction-electron and
valance-hole, depending on shell thickness. These modified
electronic structures differ from those of CdSe core and
CdSe/ZnS core/shell QDs, which exhibit a typical electronic
shell structure of 1s-1p-1d-2s-1f-2p both for electrons and
holes. Moreover, we compare overlap integrals, oscillator
strengths and absorption coefficients for these QDQWs with
various shell thicknesses. The rest of this paper is organized
as follows: In Sec. II, model and calculations are presented.
Results and discussions are given in Sec. III. A brief conclu-
sion is presented in Sec. IV.a)Electronic mail: sahinm@selcuk.edu.tr.
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II. MODEL AND CALCULATIONS
In this study, a spherically symmetric core/barrier-shell/
well-shell/barrier-shell quantum dot structure is considered.
As seen from Fig. 1, the core material is chosen as CdSe
with radius R1, which is coated with ZnS barrier shell with a
wider bandgap than that of CdSe. This barrier-shell thickness
is R2R1. This structure is further coated with CdSe for
well-shell region with a thickness of R3R2. Finally, this
structure is embedded in ZnS shell material, where thickness
of the outmost barrier-shell is R4R3. The effective mass
approximation and BenDaniel-Duke boundary conditions are
used in the self-consistent calculations. In the effective mass
approximation, for a spherically symmetric quantum dot, the
single-particle Schro¨dinger equation is given by
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Here, first two terms are kinetic energy terms of electron and
hole, respectively, h is reduced Planck constant, me;h (r) is
the position-dependent electron and hole effective masses, e
is the unit electronic charge, Ve and Vh are the finite confin-
ing potential of the electron and hole, respectively, en‘m is
the exciton energy eigenvalue, and wexcn‘mð~re;~rhÞ is the wave-
function of the exciton.
It is impossible to solve this equation analytically and
numerical calculations are hence indispensable. For this pur-
pose, we express Eq. (1) in two pieces separately for electron
and hole using Hartree approximation as follows:
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We should note that our structure and hence the confining
potential is spherically symmetric. There is no magnetic field
to remove the degeneracy of the level for any ‘ which is dif-
ferent from zero. Hence, there is no a priority for the proba-
bility of finding of an electron in a sublevel corresponding to
any m‘. Therefore, we can assume that the charge density is
spherically symmetric.
In Eq. (2) and Eq. (3), the first terms are kinetic energy
terms of the electron and hole, respectively. The second
terms represent the attractive Coulomb potential energies
between the electron and hole. Here Ue and Uh are the elec-
trostatic Hartree potential of the electron and hole, respec-
tively. The Hartree approximation used in the formalism
supposes that one particle (electron or hole) moves in a mean
potential field created by other particle(s) in a many-particle
system.15 ‘ is the angular momentum quantum number and
the third term in Eq. (2) and Eq. (3) comes from the angular
momentum of the electron and hole. eelecn;‘ and e
hole
n;‘ are the re-
spective electron and hole energy eigenvalues; Relecn;‘ ðrÞ and
Rholen;‘ ðrÞ are the radial wavefunctions of the electron and
hole, respectively.
In this schema, we consider that the electron moves in
the electrostatic potential of the hole and similarly the hole
moves in the electrostatic potential of the electron. The elec-
tron and hole potentials are calculated from the Poisson
equation by means of
~rrjðrÞ ~rrUe ¼ eqeðrÞ; (4)
and
~rrjðrÞ ~rrUh ¼ eqhðrÞ; (5)
where qe(r) is the electron density, qh(r) is the hole density,
and j(r) is the position dependent dielectric constant of the
structure. The effective masses of electron (hole) inside CdSe
and ZnS are m1 and m

2, and the dielectric constants are j1
and j2, respectively. The position dependent effective mass
and the dielectric constant may be defined as follows:16,17
m  ðrÞ ¼
1; r  R1 and R2  r  R3;
m2
m1
; R1 < r < R2 and r > R3;
8<
:
jðrÞ ¼
1; r  R1 and R2  r  R3;
j2
j1
; R1 < r < R2 and r > R3:
( (6)
The electron and hole densities are
qeðrÞ ¼
1
4p
Xp
‘¼0
2ð2‘þ 1Þ
Xnp
n¼1
jRelecn;‘ ðrÞj2 þ
1
4p
qjRelecnq;‘qðrÞj2;
(7)
and
qhðrÞ ¼
1
4p
Xp
‘¼0
2ð2‘þ 1Þ
Xnp
n¼1
jRholen;‘ ðrÞj2 þ
1
4p
qjRholenq;‘qðrÞj2:
(8)
Here 2ð2‘þ 1Þ is the spin and magnetic degeneracies; p
and np are the angular momentum quantum number and the
FIG. 1. Schematic representation of a multi-shell spherical quantum dot
structure and its potential profile V(r).
023713-2 Sahin et al. J. Appl. Phys. 111, 023713 (2012)
Downloaded 26 Feb 2013 to 139.179.14.46. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions
principle quantum number of the fully occupied states,
respectively; q is the number of remaining electrons in the
last state; nq and ‘q are the principle quantum number and
angular momentum quantum number of the last state, respec-
tively. For a single exciton the maximum electron and hole
number are N ¼ 1 and only one energy state of the conduc-
tion and valance bands are occupied with the electron and
hole. Therefore, the density of our system is
qe;hðrÞ ¼
1
4p
jRelec;holen;‘ ðrÞj2: (9)
The details of the electronic structure calculation and other
procedures were presented for a spherical quantum dot with-
out multiple shells in Refs. 17 and 18.
We also investigate the oscillator strength and exciton
lifetime in QDQW. The oscillator strength is calculated as
follows19
f ¼ Ep
2Eexc
ð
d3rweðrÞwhðrÞ


2
; (10)
where Ep is the Kane energy.
20 The electron and hole wave-
functions, we(r) and wh(r), are obtained by the multiplication
of the radial wavefunction determined by Eq. (2) and Eq. (3)
with the spherical harmonics (i.e., Rn;‘ðrÞY‘;mðh;uÞ). The
exciton lifetime is computed by21,22
s ¼ 6pe0m0c
3h2
e2nbsE2f
; (11)
where e0 is the dielectric permittivity of the vacuum, m0 is the
free electron mass, c is the light velocity, e is the electronic
charge, f is the oscillator strength, n is the refractive index, E
is the transition energy, and bs is the screening factor,
22 which
is given by
bs ¼
3e
ðeNQD þ 2eÞ : (12)
Here, e and eNQD are the optical dielectric constants of the
medium solvent and nanocrystal quantum dots, respectively.
III. RESULTS AND DISCUSSION
In this study, we consider wurtzite-type CdSe and ZnS
semiconductor material parameters. The atomic units have
been used throughout the calculations, where Planck con-
stant h ¼ 1, the electronic charge e ¼ 1, and the electron
mass m0 ¼ 1. By using the material parameters presented in
Table I, the effective Bohr radius is found to be a0 ¼ 48.78
A˚ and the effective Rydberg energy is calculated to be Ry ¼
15.86 meV. The confining potentials of electron and hole are
Ve ¼ 1.05 eV and Vh ¼ 0.95 eV, respectively.18 1 monolayer
(ML) is taken approximately 0.56 nm for CdSe and approxi-
mately 0.50 nm for ZnS.9
Figure 2 shows the probability distribution of the electron
and hole for 1p, 1d, and 2s states in a QDQW depending on
the shell thicknesses. In all graphs, the core radius is chosen as
R1 ¼ 2.75 nm. In the figure, X-Y ML means that the thickness
of the ZnS shell is X (X ¼ 1, 2, 3) ML and the thickness of
the CdSe well is Y (Y ¼ 1, 2, 3) ML. The probability distribu-
tions of 1s electron and 1s hole are found to be localized in
the core region for all layer thicknesses. Therefore, all optical
transitions (both absorption and photoluminescence) occur in
the core region similar to those of single core/shell QD struc-
tures. On the other hand, as seen from Fig. 2 the probability
distributions of other levels (i.e., 1p, 1d, and 2s) exhibit spa-
tially different localization depending on the shell and well
thickness. While the electron and hole probability distributions
of 1p state are localized in the core region for 1-1 ML, 2-1
ML, and 3-2 ML structures, the electron probability is more
localized in the well region for 1-3 ML and both electron and
hole distributions are just about to be completely localized in
the well region for 2-3 ML and 3-3 ML structures. In the case
of 1p, shown in the top panels of the figure, although the opti-
cal processes take place in the core for 1-1, 1-2, 2-1, 2-2, 3-1,
and 3-2 ML, these occur in the well region for 2-3 and 3-3
ML. For the case of 1-3 ML, strong absorption or efficient
photoluminescence is not expected because of the weak over-
lapping. When we focus on the 1d case shown in the middle
panel of Fig. 2, we see that the optical transitions happen in
the core for 1-1, 2-1 and 3-1 ML and in the well for 1-3, 2-3,
3-2, and 3-3 ML. On the other hand, for 1-2 and 2-2 ML, since
the electron confines in the well region and the hole confines
in the core region, leading to weak transition, there is probably
no strong transition. In the bottom panel of Fig. 2, the density
probability distributions of the electron and hole are depicted
for 2s. In this case, the hole confines in the core for 1-1, 2-1,
and 3-1 ML. But the electron is confined in the well region for
these layer thicknesses because of its light effective mass. In
this situation, the overlap of the electron and hole wavefunc-
tions is poor and hence the optical transitions will be rather
poor. On the other hand, for other layer thicknesses the elec-
tron and hole probability distributions are both localized in the
well especially for the cases of 2-2, 2-3, 3-2, and 3-3 ML and
their transitions will occur in this layer. As a result of these
electronic structures, we conclude that, in single exciton re-
gime, the optical transitions (both absorption and lumines-
cence) occur either in the core alone or in the well alone.
As it is well known, there are two principle optical tran-
sitions in a QD, interband and intraband transitions. In some
QD structures, e.g., those produced from II-VI group, the
intraband transitions take place in the mid or far-infrared
region, whereas the interband transitions occur in the visible
region. Therefore, the QDs made of II-VI group offer impor-
tant technological uses and hence, understanding physics of
these structures is essential. When a photon is absorbed in a
QD, this process results in an electron transition from the
valance band to the conduction band. Of course this inter-
band transition processes can take place between 1s-1s, 1p-
1p, 1d-1d, and so on, depending on the selection rules.
TABLE I. The material parameters used in the calculations.
Material me* (Ref. 23) mh* (Ref. 9) j (Ref. 23) Eg (eV) (Ref. 23)
CdSe 0.13m0 0.45m0 9.3 1.75
ZnS 0.28m0 0.49m0 8.1 3.75
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Therefore, the shell structure of QD nanocrystals plays a key
role for possible device applications. The common shell
structure of a single core/shell QD is 1s, 1p, 1d, 2s, 1f, 2p, …
for both electrons and holes. On the other hand, in a multi-
layered QD, the electronic shell structure can be reordered
depending on layer thicknesses, unlike a simple QD. In Ta-
ble II, reordering of the electron and hole orbitals is pre-
sented. As seen from the table, for all different layer
thicknesses, the shell structure exhibits different ordering.
For example, in 1-3 ML structure, the first six shell structures
of the electron are 1s, 1p, 2s, 1d, 1f, and 2p, while those of
the hole are 1s, 2s, 1p, 1d, 2p, and 1f.
The electronic structure and optical properties of 1s, 1p,
1d, and 2s single excitons are presented depending on the
combinations of layer thicknesses in Tables III, IV, V, and
VI, respectively. Here, the absorption wavelength corre-
sponds to resonant cases and the binding energy corresponds
to the attractive Coulomb potential energy between the elec-
tron and hole. The oscillator strength and the exciton lifetime
are computed by Eq. (10) and Eq. (11), respectively. As pre-
sented in Table III, the 1s exciton binding energies and oscil-
lator strengths decrease in 1-Y ML structures with increasing
FIG. 2. (Color online) Probability distribution of an electron and a hole in a
multi-shell spherical quantum dot structure for 1p states (top panel), 1d
states (middle panel), and 2s states (bottom panel). The blue lines corre-
spond to potential profile, black lines correspond to the electron probability
distribution, and red lines correspond to the hole probability distribution.
TABLE II. The shell structure and orbital ordering of QDQWs for the
electron and hole given different shell thicknesses.
Struc.
(ML) Elec. Hole
Struc.
(ML) Elec. Hole
Struc.
(ML) Elec. Hole
1s 1s 1s 1s 1s 1s
1p 1p 1p 1p 1p 2s
1-1 1d 1d 1-2 2s 2s 1-3 2s 1p
2s 2s 1d 1d 1d 1d
2p 1f 2p 2p 1f 2p
3s 2p 1f 2d 2p 1f
1s 1s 1s 1s 1s 1s
1p 1p 1p 1p 2s 2s
2-1 2s 1d 2-2 2s 2s 2-3 1p 1p
1d 2s 2p 2p 1d 1d
2p 1f 1d 1d 1f 2p
3s 2p 1f 2d 2p 1f
1s 1s 1s 1s 1s 1s
1p 1p 1p 1p 2s 2s
3-1 2s 1d 3-2 2s 2s 3-3 1p 1p
1d 2s 2p 2p 1d 1d
2p 1f 1d 1d 1f 2p
1f 2p 1f 2d 2p 1f
TABLE III. Electronic and optical properties computed for 1s exciton.
Structure
(ML)
Binding
energy (eV)
Absorption
wavelength (nm)
Oscillator
strength
Exciton
lifetime (ns)
1-1 0.0782 608 5.075 1.31
1-2 0.0769 609 5.049 1.32
1-3 0.0742 611 4.969 1.35
2-1 0.0792 606 5.080 1.30
2-2 0.0791 607 5.076 1.30
2-3 0.0788 607 5.065 1.30
3-1 0.0793 606 5.082 1.30
3-2 0.0793 606 5.082 1.30
3-3 0.0793 606 5.081 1.30
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Y (Y ¼ 1, 2, 3). The absorption wavelength tends to increase
with increasing Y. However, there are no drastic changes in
the exciton lifetimes and similar situation appears in 2-Y ML
structures. On the other hand, in 3-Y ML structure, the
results are all the same for three Y values. In 1-Y ML struc-
tures, although the electron and hole confine in the core
region, they are affected from the well region because the
shell thickness is 1 ML. In 2-Y ML case, the shell thickness
is 2 ML and the electron and hole are affected comparatively
less. When the shell thickness becomes 3 ML (i.e., 3-Y ML),
the electron and hole do not feel the well region. Hence, all
of the calculation results are the same with each other for
3-Y, unlike 1-Y and 2-Y. In this case, the structure exhibits
completely single QD properties.
When we look at the electronic structure and optical prop-
erties for 1p and 1d excitons presented in Table IV and Table
V, respectively, we observe different behavior from the case
of 1s. As seen in these tables, the binding energy of 1p exciton
is greater than that of 1d exciton and this energy is strongly de-
pendent on the well thickness. As the well thickness increases,
the binding energy decreases in both 1p and 1d. In addition,
the absorption band edge shifts to longer wavelengths with
increasing well thickness. However, in both cases, the oscilla-
tor strength and the exciton lifetime do not depend monotoni-
cally on the shell thickness. Physical reason of this observation
can be explained by looking at Fig. 2. In the top and middle
panels of the figure, the probability distribution of the electron
localized especially in the well region with increasing Y while
the hole is confined in the core region. Therefore, the binding
energies are smaller in thicker wells. By expanding the well
region, the quantum confinement effect becomes weaker and
the absorption band edge wavelength increases (i.e., transition
energies decrease). However, as seen from Eq. (10), since the
oscillator strength depends on both transition energy and over-
lap of the electron and hole wavefunctions, its change is not
monotonical. For example, although the transition energy of
1p exciton in the 1-2 ML structure is larger than that of 1-3
ML structure, the oscillator strength of the 1-2 ML structure
becomes weaker compared to that of 1-3 ML because the
overlap of the corresponding wavefunctions is larger in 1-3
ML structure. Similar argument is valid for the exciton life-
times calculated by Eq. (11).
In 2s exciton, as observed in Table VI, while the binding
energies and the absorption peak wavelengths monotonically
decrease with the increased barrier and well shell thickness,
the oscillator strength increases. However, the modifications
in the exciton lifetimes are not uniform. The transitions take
place approximately in the far blue region in X-1 ML struc-
tures and this region shifts toward the visible region boundary
in 3-1 ML structure. Nevertheless, the oscillator strengths of
these transitions are rather small because the electron confines
in the well and the hole confines in the core as seen from the
bottom panels of Fig. 2 and, hence, the overlap integral of the
electron and hole wavefunctions is small.
The single exciton absorption processes in a single core/
shell QD, all possible transitions of 1s-1s, 1p-1p, 1d-1d, and
so on, take place between the valance and conduction bands.
However, this does not mean the photoluminescence proc-
esses will occur in the same order. When a photon interacts
with a QD, a 1p electron in the valance band makes a vertical
transition to the 1p state in the conduction band by absorbing
this photon. In intersublevel transition mechanisms, the selec-
tion rule is D‘ ¼ 61 and the relaxation time is approximately
order of 1012 s.24,25 Therefore, the probability of the electron
transition between intersublevels is larger than that of the tran-
sition between the conduction and valance band. As a result,
the 1p electron will first relax down to 1s level in the conduc-
tion band (similarly, with the hole relaxing to 1s level of the
valance band) and then this exciton will recombine from 1s
states. Hence, although the absorption occurs between 1p-1p
states, the photoluminescence (radiative recombination)
take place between 1s-1s states. Therefore, even if there are
multi-exciton (i.e., biexciton or three excitons) in a simple
TABLE IV. Electronic and optical properties computed for 1p exciton.
Structure
(ML)
Binding
energy (eV)
Absorption
wavelength (nm)
Oscillator
strength
Exciton
lifetime (ns)
1-1 0.0613 514 4.162 1.14
1-2 0.0551 520 3.886 1.25
1-3 0.0303 539 4.313 1.21
2-1 0.0632 510 4.199 1.11
2-2 0.0606 511 4.043 1.16
2-3 0.0216 528 4.385 1.14
3-1 0.0636 509 4.217 1.10
3-2 0.0631 510 4.187 1.11
3-3 0.0182 528 4.385 1.14
TABLE V. Electronic and optical properties computed for 1d exciton.
Structure
(ML)
Binding
energy (eV)
Absorption
wavelength (nm)
Oscillator
strength
Exciton
lifetime (ns)
1-1 0.0499 443 3.087 1.14
1-2 0.0355 464 3.183 1.21
1-3 0.0253 512 4.231 1.11
2-1 0.0512 435 3.048 1.12
2-2 0.0272 456 2.267 1.65
2-3 0.0212 513 4.251 1.11
3-1 0.0529 433 3.207 1.05
3-2 0.0204 456 3.559 1.05
3-3 0.0181 516 4.291 1.11
TABLE VI. Electronic and optical properties computed for 2s exciton.
Structure
(ML)
Binding
energy (eV)
Absorption
wavelength (nm)
Oscillator
strength
Exciton
lifetime (ns)
1-1 0.0544 430 2.279 1.45
1-2 0.0302 472 3.741 1.07
1-3 0.0256 533 4.207 1.21
2-1 0.0472 422 1.582 2.02
2-2 0.0238 471 3.789 1.05
2-3 0.0213 534 4.406 1.16
3-1 0.0402 419 1.216 2.59
3-2 0.0202 470 3.806 1.04
3-3 0.0182 534 4.444 1.15
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QD structure, multicolor emission will not be produced from
higher energy levels because of this intersublevel transitions.
In QDQW however, the optical transitions can be con-
trolled by tuning the shell thicknesses and also photons at
different wavelengths can be produced with multiexciton
process. 1s state is always ground level in all spherical QD
structures. However, the other states can be tuned by adjust-
ing shell thicknesses. When the orbital ordering becomes 1s,
2s for 2-3 or 3-3 ML structures as seen from Table II, an
electron makes a transition from 1p of the valance band to
1p of the conduction band, this electron then relaxes to 2s
level in the conduction band. Similar process occurs in the
valance band. As a result, the recombination process takes
place between 2s-2s levels. Resultantly, dual-color emission
can be produced in such QDQW heteronanocrystals.
IV. CONCLUSION
In this study, we have carried out a systematic study of
electronic shell structure and optical properties of a quantum
dot-quantum well heterostructures. We have demonstrated
that the electronic shell structure of such QDQW heterona-
nocrystals (and hence the optical properties) can be con-
trolled by tuning the layer thicknesses. We proposed that this
provides the ability to control photoluminescence, for exam-
ple, dual-color emission. We believe that this study will
stimulate different experimental studies related to the design
of electronic states in QDQWs.
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